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The magnetic susceptibility of thorium has been measured between 18 and 328 °K. The
thorium samples had been refined by the electrotransport process and had electrical resis-

tivity ratios ranging between 790 and 1300.

Linear extrapolation of the data to 0°K yields a

value of +0.383%10"® emu/g. This susceptibility increases nearly linearly with increasing
temperature to (+0.412+0,001)x 10" emu/g at 300 °K. This behavior is qualitatively consis-
tent with the behavior of a number of other physical properties and implies a temperature-
dependent electronic distribution in thorium metal.

INTRODUCTION

In the course of surveying the physical properties
of thorium, itbecame evident that the temperature
dependence of a number of physical parameters
contained implications of a temperature-dependent
electronic distribution in this metal. For instance,
Clusius and Franzosini' noted that heat-capacity
data contained a temperature-dependent contribu-
tion which was presumed to be electronic in origin.
Subsequent heat-capacity measurements by Wallace
showed this extra contribution to persist and to in-
crease up to at least 1300 °K. Further, measure-
ments® of the elastic constant Cy, — Cy,, which in
the nearly-free-electron limit is associated with
the bulk modulus of the electron gas," change mono-
tonically from negative values at low temperatures
to positive values at temperatures above 253 °K.

In addition, it has been found by Peterson et al.’
that the temperature dependence of the electrical
resistivity does not follow a simple theory. Below
80 °K, the experimental resistivity data are well
fitted by the Bloch-Griineisen equation with a

Debye temperature of 135 °K, but above 80 °K, the
experimental values lie above the Bloch-Grlineisen
values with the magnitude of the discrepancy in-
creasing with increasing temperature. Finally, a
recent study® of the thermal conductivity of high-pur-
ity thorium has shown that the Lorentz ratio of the met-
al extrapolates to very nearly the theoretical value at
very low temperatures where impurity scattering
dominates. At intermediate temperatures, the
occurrence of inelastic phonon-electron scattering
invalidates the theoretical value of the Lorentz ratio
and experimental values lie well below this value.
But at high temperatures where nearly elastic
phonon-electron scattering dominates, the Lorentz
ratio might be expected to return to the theoretical
value. In fact, the Lorentz ratio for thorium in the
high-temperature region was found to be 20-30%
larger than the theoretical value.
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In view of these observations, it would seem that
the magnetic susceptibility of thorium should show
some temperature dependence. Early measure-
ments of thorium susceptibility by Honda,” Owen,?
and Klemm?® are not in good agreement but may be
discounted because of the questionable purity of the
metal which was available to them. More recent
measurements by Leach,!® McClelland, ! and Smith
and Greiner!? show good agreement for the mag-
netic susceptibility of thorium at room temperature
with respective values of +0.422, +0.403, and
+0. 410 for an average of +0.412+0.005, all in units
of 10" emu/g. Leach apparently did not make
measurements as a function of temperature, and
Smith and Greiner examined only the limited tem-
perature range 130-300 °K where no significant
temperature dependence was detected. McClelland
reported negligible temperature dependence from
room temperature down to about 160 °K but found
below 160 °K a slow decrease to +0. 373%108
emu/g at 77 °K, which was his lowest temperature
of measurement. McClelland qualified his report
by stating that his apparatus was new and not yet
exhaustively tested so that the observed tempera-
ture variation might not be real. On the basis of
this information and because high-purity thorium
was available, it was decided to reexamine the mag-
netic susceptibility of thorium over an extensive
temperature range below room temperature.

PROCEDURE AND RESULTS

The thorium which was used in this investigation
was prepared by magnesium reduction of thorium
tetrachloride.!® This thorium was further refined
by the electrotransport technique.'* Four samples,
each of about 0.5 g, were selected for magnetic
susceptibility measurements. These samples were
electropolished to clean and passivate the surfaces.
High purity was evidenced by the electrical resis-
tivity ratios, psy/ps.s Which ranged between 790
and 1300 for the four samples.
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FIG. 1. Magnetic susceptibility of high-purity thorium

as a function of temperature.

Magnetic susceptibilities were measured indepen-
dently with two separate pieces of apparatus, both
utilizing the Faraday technique.!® The first of these
used a Frantz magnet and could accommodate
larger samples to yield higher precisions but was
limited to the temperature range 50-330 °K. The
second used a Varian magnet and with smaller
samples could be cooled to 18 °K. Verification
that these two pieces of apparatus yielded com-
parable values is shown by room-temperature mea-
surements. With the Varian magnet a total of
eight measurements, two with different specimen
orientations for each of the four samples, yielded
an average value of (+0.413+0.006)x10°® emu/g
for the room-temperature susceptibility of thorium.
With the Frantz magnet the four samples were
combined into one test specimen weighing 2.02 g,
and the room-temperature susceptibility of this
composite was measured as (+0.412+0.001)x107®
emu/g. No field dependence was detected between
6.2 and 11.1 kOe in these or in subsequent measure-
ments, and thence there was no indication of the pres-
ence of ferromagnetic impurities.

Experimental values are plotted as a function of
temperature in Fig. 1. Symbols distinguish data
taken with the Frantz magnet from data taken with
the Varian magnet, and data from the 1959 experi-
ments!? are included for comparison. In the plot,
precisions which are not delineated with error
bars are of the order of the size of the plotted
points. Because only one of the original four
samples was measured as a function of temperature
in the Varian magnet, the smaller mass with weaker
force resulted in lesser precision (~+0.002x108
emu/g) than was obtained with the composite of
four samples in the Frantz magnet (~+0.001x10"®
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emu/g). Temperatures in the range 50-330 °K
were measured with copper vs constantan thermo-
couples, while temperatures below 50 °K were
measured with a gold—0. 07% iron vs copper thermo-
couple. Uncertainties in temperature values were
of the order of +2°, but temperature variation dur-
ing any given measurement was limited to +0.1°.

On the basis of the field calibrations the accuracy

of the measurements is estimated as +2%. Linear
extrapolation of the temperature trend yields a value
of +0.383x10°® emu/g for the magnetic susceptibil-
ity of thorium at 0 °K.

Two unsuccessful attempts were made to measure
the magnetic susceptibility of thorium at temperatures
below 18 °K through use of ac inductance techniques.
The failure of these attempts is attributable to the
extreme purity of the thorium with an attendant
low-electrical resistivity which allows large eddy-
current effects to complicate ac measurements.
Even though these attempts did not yield values for
the susceptibility, the superconducting transition
near 1. 39 °K was clearly evident.

DISCUSSION

It can be seen from Fig. 1 that the comparative-
ly large uncertainties in the 1959 data'? when com-
bined with the limited temperature range of mea-
surement masked the weak temperature dependence
which is present in the magnetic susceptibility of
thorium metal. The present measurements show
that the magnetic susceptibility of thorium increases
about 8% in a nearly linear manner as the tempera-
ture rises from 0 to 328 °K. The behavior of the
magnetic susceptibility is thus qualitatively consis-
tent with the behavior of a number of other physical
properties which were mentioned in the Introduction.

If diamagnetic contributions and electron-phonon
coupling are neglected, the extrapolated value of
the susceptibility at 0 °K corresponds to a density
of electronic states at the Fermi surface of 18.7
states/Ry atom per spin. In view of the neglected
terms, this is in acceptable accord with values of
14. 6 states/Ry atom from the theoretical calcula-
tions of Gupta and Loucks'® ! and of 12. 6 states/Ry
atom from electronic-specific-heat coefficients.!®1®
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The continuation of electronic energy bands in the neighborhood of symmetry points is dis-
cussed in terms of explicit expressions derived within the Green’s-function method. The ac-
curacy and convenience of these formulas are demonstrated in the calculations of specific band
parameters at various symmetry points of the Brillouin zone for degenerate as well as non-

degenerate states in both nonrelativistic and relativistic problems.

proach are briefly discussed.

Methods of continuing the band structure E,(k)
in the neighborhood of a point K, at which E(K;) is
known are of considerable interest both in theoret-
ical and semiempirical contexts. Standard K-p
perturbation theory gives a straightforward expan-
sion for a nondegenerate Bloch state of band index
n and wave vector K, in terms of the momentum
matrix elements, p,,(K), and the inverse effective-
mass tensor, which is given by the well-known f-
sum rule’

m (n)_ _?_ ! pg.ﬂﬂ'(k.o)p,im'n(ED)
(7'”*>u —6”+(m>Re§’) E, (k) -E,. (k) ° )
This result and the corresponding formulas for
degenerate band parameters are quite general and
they have been useful in many aspects of solid-state
theory. Nevertheless, they do not provide a prac-
tical means for accurately calculating the band pa-
rameters since the evaluation of the sum over ex-
cited states in (1) requires, in general, an appre-
ciable number of energy eigenvalues and a large
number of interband momentum matrix elements
which are generally unavailable.

A more tractable result for the effective mass
at the center of the Brillouin zone was obtained by
Bardeen? within the spherical approximation. Bar-
deen’s formula is accurate and simple since it in-

Applications of this ap-

volves only the logarithmic derivatives of the s and
p radial functions evaluated on the equivalent sphere
at the energy of the lowest I'y state. The spherical
approximation, however, used in this approach is
inapplicable to states other than the s-like I'; state
of monatomic cubic crystals. In contrast, the gen-
eralization of Bardeen’s formula given by Cohen
and Ham® applies to any symmetry state; however,
the evaluation of the surface integral, which ap-
pears in their formula to replace the sum over ex-
cited states in (1), appears to be a difficult compu-
tational task and to our knowledge it has not been
carried out for any specific calculations.

In this paper we present and evaluate explicit ex-
pressions for the effective-mass parameters at
various symmetry points in the Brillouin zone for
degenerate as well as nondegenerate bands in both
nonrelativistic and relativistic problems. These
results, which are derived within the framework
of the Green’s-function method* (GFM), are both
very accurate and very convenient to evaluate and,
we believe, will be quite useful. That the GFM
should be useful in this connection is not surprising
in view of its unsurpassed effectiveness in deter-
mining E(K) for crystal potentials which can be ap-
proximated by the muffin-tin form.

The GFM dispersion relation is given by



